We present an update of the light meson spectrum with N f =2+1 overlap fermions on a 16 3 × 48 lattice at five different up and down quark masses and two strange quark masses. Based on our experience with the previous simulation with N f = 2, we carry out the chiral extrapolation with the prediction of the chiral perturbation theory at the next-to-next-to leading order. We also check the consistency of our analysis by using alternative chiral extrapolation with a reduced theory in which the strange quark mass is integrated out.
Introduction
The lattice simulation with the overlap fermions [1] keeps chiral symmetry for any number of dynamical flavors. It implies that the chiral properties of the numerical data are described by the continuum chiral perturbation theory (ChPT). It therefore makes sense to test the consistency between ChPT and QCD. With this motivation, we performed numerical simulation using overlap fermion action with two dynamical flavors [2] . In particular, we carried out the calculation of light meson spectrum. We fitted the data to the next-to-leading order (NLO) formulae with different expansion parameters m q , m 2 π and ξ ≡ m 2 π /(4π f π ) 2 , all of which should give equivalent prescription at NLO. As a result, we found that the fit curves start to deviate around the scale of kaon mass m K . Another important observation was that only the ξ -fit reasonably describes the data beyond the fitted region. We also demonstrated that next-to-next-to leading (NNLO) effect is necessary to describe the data around and beyond m K .
Based on these findings, in this article, we present an extension of this study to N f = 2 + 1. Using overlap fermion action with 2 + 1 dynamical flavors, we calculate m 2 π /m ud , m 2 K /m sd , f π and f K , where m ud is the u-d degenerate mass and m sd = 1 2 (m s + m d ). Since these results depend on strange quark mass, the chiral extrapolation should be performed with a fit ansatz valid beyond the scale of kaon mass. The only possibility is the fit with the NNLO ChPT effect taken into account.
After explaining how we obtain the data points briefly in Section 2, we present in Section 3 the chiral extrapolation with NNLO ChPT formulae to treat both pion and kaon sectors on an equal footing. Preliminary results of physical values are also given in this section. As a consistency check of our analysis, in Section 4, we perform the chiral extrapolation with a reduced theory in which the strange quark is integrated out. Section 5 contains a brief discussion about what to be done to get to final results on this work.
Data points
We refer [3] for the details of the generation of gauge configurations. We generate 2,500 trajectories on a 16 3 × 48 lattice for ten combinations of up-down and strange sea quark masses, i.e. five m ud 's times two m s 's.
We calculate 80 pairs of the lowest-lying eigenmodes on each gauge configuration and store them on the disks. These eigenmodes are used to construct the low-mode contribution to the quark propagators. The higher-mode contribution is obtained by conventional CG calculation with significantly smaller amount of machine time than the full CG calculation. Those eigenmodes are also used to replace the lower-mode contribution in the meson correlation functions by that averaged over the source location (low-mode averaging) [4, 5] . We extract meson masses from the exponential decay of the time-separated correlation function of pseudo-scalar operator P(t)P(0) . The decay constant, which is defined by the matrix element of the axial-current operator A µ , is obtained simultaneously using the PCAC relation ∂ µ A µ = 2m q P.
Throughout the Monte Carlo updates, the global topological charge of the gauge configurations is fixed to zero. This is necessary to avoid discontinuous change of the Dirac eigenvalue, which is numerically too-expensive. The artifact due to fixing the topology is understood as a finite size effect [6] in addition to the conventional one. For the physical size of our lattice L ≈ 1.7 fm, the finite size effect could be sizable. We calculate both kinds of finite size effect from the analytic formulae based on ChPT [7, 8] . In particular, for the effect of the fixed topology, we make use of the numerical data of the topological susceptibility determined on the same lattice configurations [9] .
In order to obtain the physical quark mass, we need to renormalize bare quark mass on the lattice as m
. We obtain the renormalization factor Z m by calculating scalar and pseudo-scalar vertex functions in the momentum space in the Landau gauge and applying the RI/MOM scheme [10] . In extracting Z m from the vertex functions, we control the contamination from the spontaneous chiral symmetry breaking by using the the low-mode contribution to the chiral condensate [11] . Using the perturbative matching factor known to 4-loop level and the extrapolation to the chiral limit, i.e. m ud = m s = 0, we obtain the result Z MS m (2 GeV) = 0.806(27). In the rest of this article, it is understood that all data points are corrected by the finite size effects and quark masses are renormalized.
Fit to NNLO SU (3) ChPT
Since we found in the two-flavor calculation that the NNLO ChPT formulae can nicely fit our data even in the kaon mass region if one uses the ξ -expansion, we apply the same strategy for our 2 + 1-flavor analysis. As functions of ξ π = 2m 2 π /(4π f π ) 2 and ξ K = 2m 2 K /(4π f π ) 2 , predictions from the SU (3) ChPT are expressed as
3) Figure 2: Chiral extrapolation using the prediction from the reduced SU(2) ChPT to NLO. The organization is same as Figure 1 . For the fit, the lightest three data points are used for each quantity.
level contribution from L 6 . Expressions for the functions M π , M K , F π and F K are too involved to present here [12] . We note that each function contains NLO contributions from the one-loop effect of L 2 and tree-level effect of L 4 and NNLO ones from the two-loop effect of L 2 and the one-loop effect of L 4 . These contributions are accompanied by LECs for NLO We fit m 2 π /m ud , m 2 K /m sd , f π and f K simultaneously taking the correlation within the same sea quark mass (m ud , m s ) into account. By using all data points, reasonable quality of the fit is obtained with χ 2 /dof = 2.52. In this new study, we determine the lattice scale by the result of f π extrapolated to the physical point with the input f π = 130.0 MeV. As a result, we obtain a −1 = 1.968(39) GeV and the pion mass covers the range of 340 MeV < m π < 870 MeV. 
Fit to the reduced SU (2) ChPT to NLO
As a check of the chiral extrapolation with the NNLO ChPT in the previous section, we also study a different fit ansatz. It is also possible to carry out the extrapolation to the physical point ξ (phys) π by paying attention only to the dependence on the up-down quark mass, or the pion mass.
Integrating out the strange quark as a static heavy quark in ChPT, one obtains an effective theory which respects a reduced SU (2) symmetry [14, 15, 16] . At NLO, the chiral expansion reads
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where we have LECs It is also interesting to compare SU (2) LECs obtained in this work with our previous work with N f = 2. In the right panel of Figure 3 , results of f , Σ = B f 2 /2,l 3 andl 4 from the N f = 2 + 1 simulation (circles for the present work and triangles for [15] ) are compared with the results obtained in [2] (squares from the NNLO fit and diamonds from the NLO fit). The reasonable agreements observed for each quantity imply that the reduced SU (2) ChPT intermediates full theories with N f = 2 and 2 + 1.
Summary
We studied the chiral property of ChPT by comparing the analytic prediction with the lattice data obtained in the N f = 2 + 1 dynamical simulation with the overlap fermions. We fitted the data to the ChPT prediction at NNLO for the first time. It is the only way to describe both pion and kaon data on an uniform basis and to study the convergence property of the SU (3) ChPT. The validity of the extrapolation to the physical mass point is checked with the results from the fit with the reduced SU (2) ChPT. However, in order to discuss the convergence property of ChPT as in the case of N f = 2, we need to determine individual LECs of the SU (3) ChPT with good accuracy. With the data points obtained for two different strange quark masses, we have a limited constraint on the ξ K dependence hence large errors for LECs. For example, in (3.3) or (3.4), f 0 cannot be determined unambiguously unless the contribution of the terms with L r 4 and L r 5 are well fixed. Moreover, from the phenomenological side, it is advantageous to determine LECs from this work because the results can be used as inputs in the calculation of different quantities including B K and K l3 form factors. For these motivations, we are generating more data points with m ud = m s to obtain the SU (3) LECs with high accuracy. Another work in progress is the calculation on a larger volume for a direct check of finite size effect (FSE). We are generating the data for the two lightest m ud 's and the lighter m s on a 24 3 × 48 lattice with the same coupling constant as the present work. We are also planning to obtain the lattice scale from Ω-baryon mass on the larger volume to compare with the current value from the f π = 130 MeV input.
